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Thne- . 

.Force _ 
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F: 

meter. - - - - 

eeoond - - - 
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m 
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kg 

foot  (or  mile) — — — - 

second  (or  hour) . . 

weight  of  1  pound.. — 

ft  (or  mi)  . 
sec  (or  hr) 
lb. 

■  Power - 

Speed-.—-.- 

..’  P 

'Vr  : 

horeepower  (metric)  — -  . 
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"  l^h 
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miles  per  hour.v — . — 
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hp  ..  , 

mph 
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By  Haruv  Cl  keen  berg  and  Leonard  Sternfield 


SUMMARY 

'Fha  relation  between  the  elerator  hlfuje-moment  parameters 
and  the  control  forces  for  changes  in  forward  speed  and  In  nafnea- 
cers  is  shown  for  sereral  ratues  of  static  stability  and  elerator 
mass  balance. 

The  stability  of  the  short-period  oscillations  is  shown  as  a 
series  of  boundaries  giring  the  limits  of  the  stable  region  in 
terms  of  the  elerator  hinge-moment  parameters.  The  effects 
of  static  stability^  elevator  moment  of  inertia^  elevator  mass 
unbalance,  and  airplane  density  are  also  considered .  Dynamic 
instability  is  likely  to  occur  if  there  is  mass  unbalance  of  the 
elevator  control  system  combined  with  a  small  restoring  ten¬ 
dency  {high  aerodynamic  balance).  This  instability  can  be 
prevented  by  a  rearrangement  of  the  unbalancing  weights  which ^ 
however,  involves  an  increase  of  the  amount  of  weight  necessary. 
It  can  also  be  prevented  by  the  addition  of  viscous  friction  to 
the  elevator  control  system  provided  the  airplane  center  of 
gravity  is  not  behind  a  certain  critical  position. 

For  high  values  of  the  density  parameter,  which  correspond 
to  high  altitudes  of  Jlighi,  the  addition  of  moderate  amounts  of 
viscous  friction  may  be  destabilizing  even  when  the  airplane  is 
statically  stable.  In  this  case,  increasing  the  viscous  friction 
makes  the  oscillation  stable  again.  The  condition  in  which 
viscous  friction  causes  dynamic  instability  of  a  statically  stable 
airplane  is  lim  ited  to  a  definite  range  of  hinge -moment  param¬ 
eters.  It  is  shown  that,  when  viscous  friction  causes  increas¬ 
ing  oscillations,  solid  friction  will  produce  steady  oscillations 
having  an  amplitude  proportional  to  the  amount  of  friction. 

INTRODUCTION 

The  (‘licet s  of  iUHodynainie  Imlaiu'c  and  mass  iinhalanei* 
of  the.  elevator  on  tiie  dynamic  staliility  of  tlie  airplaiu^  aie 
discussed  in  a  pn'vious  report  on  control-five  staliility  (rider- 
(‘iicc  1),  It  was  found  tli(‘oreti(“ally  in  rehuvnec*  I  and  vi'rilh'd 
in  flight  (n'ferencc  2)  that,  if  the  (‘levator  is  too  closely 
balanced  aerodynamically  and  has  a  sidiicii'iit  amount  of 
mass  unl)alati(‘(5  (whi(‘li  ti'iids  to  depress  tlic  eh^vator),  in¬ 
creasing  oscillations  of  short  ix'riod  may  occur.  Other  tiiglit 
ti‘sts  fr(‘f('r(*nce  o)  showed,  howev(‘r,  that  mass  unbalance  of 
the  elevator  control  system  improves  the  static  stability  of 
an  airplane,  that  is,  increases  the  slope  of  the  curve  of  sti(‘k 
force  against  speed  in  level  flight  and  of  the  curve  of  stick 


I  force  against  normal  accideration  in  maneuvers.  Subse- 
1  (lUt'iit  work  (refer<'nc(‘  I)  has  indicated  that  a  control  surfa(‘e 
I  with  positive'  floating  tendency  (tendc'iicy  to  float  against 
i  tin*  relative'  wind),  Mhen  used  as  a  rudder,  is  effective  in  im- 
I  proving  control-fn'c  statie^  stability.  A  th(*oretical  analysis 
I  (r(‘f(*rence  o)  showi'd  that  a  rudder  having  a  ])osiliv(‘  floating 
ratio  may,  under  the  influenev  of  solid  friction  in  the  control 
system,  build  up  steady  oscillations  of  the  airplane  and 
rudder.  These  steady  oscillations  have  been  observed  in 
flight  t('sts  (reference  b).  These  results  suggested  an  investi¬ 
gation  of  tlui  bi'havior  of  an  airplane  (Hiuipiicd  with  an 
elevator  having  a  positive  floating  tendency.  This  type  of 
elevator  was  not  considered  in  any  of  the  previous  investi¬ 
gations. 

The  ])urpos(‘  of  tlu'  present  re])ort  is  to  make  a  theoretical 
analysis  of  the  control-free  longitudinal  stability  of  an  air¬ 
plane,  which  tak(*s  account  of  this  current  trend  toward  a 
positive  floating  ti'iidency  in  control -surface  design  and 
covers,  in  general,  a  much  wider  range  of  paramcU'rs  than 
the  inwstigation  of  ri'ference  1.  These  ])arametcrs  include, 
for  the  eh'vator  control  system,  restoring  tcMidency,  floating 
tendency,  mass  unbalance  (liobweight  control),  moment  of 
Inertia,  and  viscous  and  solid  friction  and,  for  the  airplane, 
(h'lisily  and  cent(*r-of-gravity  position, 
j  The  method  of  analysis  of  dynamic  stability  is  based  on 
the  classical  tlu'oiy  of  Bryan  and  ihiirstow  extended  to  in- 
i  elude  movenu'uts  of  the  controls  and  their  eouplings  with 
I  the  airplane  motions.  Friction  is  treated  in  the  same  way 
I  as  in  the  a])proximatc  method  of  referen(‘(*  o,  in  which  solid 
I  friction  is  replaced  by  an  (H{uivalent  viscous  friction. 

I  Before  the  analysis  of  dynamic  stability  is  presented,  some 
j  discussion  is  given  of  the  effect  of  the  various  parameters  on 
;  the  (‘levator  forci's  for  trim  and  for  acceleration — charac- 
i  t eristics  considen’d  important  to  Hying  (pialtitics.  The 
:  stability  of  the  short-period  oscillations,  witli  and  without 
:  friction  in  the  control  system,  is  then  considered.  The  effects 
of  Wi'ights  added  to  the  system  to  modify  the  static  and  dy¬ 
namic  stability  are  discussed.  The  trends  to  be  expected 
are  illustrated  by  a  series  of  calculations  and  charts  based 
on  a  typical  airplane.  The  stability  of  the  long-period 
(phugoid)  oscillations  is  not  discussed  because  of  its  relative 
unimportance. 
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lift  cocllicicnt  of  tail 

pitcbinjr-nionicnt  co(‘llici«‘iit  about  airplani’ 

(  enter  of  gravity 
win^  chord 

elevator  chord  ^ 

difTereiitial  operator  ( 

constant  term  in  stability  (‘(puition 
stick  force;  ])ositivc  for  pull 

stick- force  gradient  in  nianettv('rs  J 

stick-force  gradient  for  level  (light 
acceleration  of  gravity 

hinge  moment;  positive  when  tends  to  de¬ 
press  trailing  edge 

mass  moment  of  elevator  about  its  hinge; 

positive  when  tailluaivv 
mass  moment  of  control  stick  about  it>  ])l\ot . 

])Ositiv'’(*  when  stick  tc*nds  to  inov('  foiANaid 
frictional  hinge  moiiKUit 
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leimA  b  <)l  cont  rol  slick 

pitebing  moment  alxiut  airjilane  ciailer  ot 
gravity 

mass  of  airplaiK' 

numlx'r  ol  cveb^s  recjuuaal  lor  oscillation  to 
damp  to  half  amplitude 
normal  acc(*l(‘ration  jxu’  (j  ol  air])lane  dix'  t() 
curvaturiM)!  ilight  path ;  acceha'onnuia  lead- 
iiiLT  minus  (*om])oiuMil  ol  gravity  lorce 
pi'fiod  ol  oscillation,  seconds 
ilyiiamic  piY'SSure 
eb'vator  area 
tail  area 
wing  area 

distaiux'  in  half-chords  (2V7/e) 
time  [‘Cfpiired  for  oscillation  to  damp  to  half 
amplitudiN  si'conds 
tiUK' 


radius  of  gyration  of  airplaix'  about  1-axis  : 

i 

distance  IxUweim  airplart(‘  c(‘nt('r  of  gravity  | 
and  (*l(‘ valor  hinge 


'2L. 


forward  velocity 

change  in  forward  velocity  from  trimmed  value 
weight  of  airplane 
longitudinal  force;  positive  forward 
distance  of  c(*nter  of  gravdty  from  aerodyna¬ 
mic  center;  positive  when  center  of  gravity 
is  ahead  of  aerodynamic  center 
normal  force;  positive  downward 
angle  of  attack 
angle  of  attack  at  tail 

deflection  of  elevator;  positive  for  downward 
motion  of  trailing  edge 
amplitude  of  elevator  oscillation 
angle  of  downwash 
control  gearing 
angle  of  pitch  of  airplane 

(hdlection  of  control  sti(‘k;  positive  for  for¬ 
ward  motion  of  stick 

X  complex  root  of  stability  (Xjuation 

t  ival  and  imaginary  i)arts,  respectively,  ol  \ 

n  airplane-d(*nsity  paramo  tin*  (m/pS,rb) 

p  mass  density  of  air 

Whcncvi-r  u,  C,  «,  a„  0,  6,  Da,  DO,  Pd,  ,md  P- a  are  used 
as  sul)S(uii)ts.  a  derivative  is  indicated.  I'or  e.vample. 

=  C„,„  AVhen.-ver  a  dot  is  use<l  above,  a 

symbol,  it  dimotes  dilierentiation  with  ivspect  to  time. 

All  angl(‘s  ar(i  nxuisurcd  in  radians. 

METHOD  OF  ANALYSIS 

Four  (l(‘grees  of  freedom — fonvard  speed,  angle  of  attack, 
angle  of  l)it<‘h.  and  elevator  dellection-are  generally  in¬ 
volved  in  the  prol)l(‘m  of  (‘ontrol-frc'c  stability.  To  each 
d('gre(‘  of  fr(M‘dom,  tb(‘re  corivsponds  an  e(i nation  of  equilib¬ 
rium  b(‘tW(MMi  inertial  and  aiu’odynamic  forces  or  moments. 
By  use  of  wind  axes,  the  four  (xpiations  become,  for  level 
flight, 
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In  applying  e(j nations  (1)  to  dynamic  stal)ility,  c(‘rtnin  approximations  may  Ix'  mad(‘-  l^'or  inslanci*,  short-period  os(dl- 
hitions  (of  the  ord(‘r  of  1  se(*)  involvt'  m\”:li^ii)l(‘  ciian^es  in  forward  spcxHl.  whi<-h  may  therefore^  h(‘  m'^dected  in  studying  tin* 
sliort-jx'riod  oscillations.  In  fact,  the  |)('riod  and  dam|)inix  of  th(‘se  oscillations  can  Ix'  ohtaimxl  to  a  lii^h  decree  of  accuracy 
hy  usin^  oidy  the  last  three  of  the  eciuations  (1)  and  sidtin^  u  =  0. 

Equations  (1)  then  become 
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Tlio  residting  stal)ility  ecpiation  may  Ix'  written  as 
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wlu‘re  .1.  (',  h\  and  F  arc'  functions  of  tlu'  stahiiity  (h'l'ivativc's. 


Tlie  study  of  tiu'  (‘ll'ects  of  dilferc'iit  paranu'tc'rs  on  tlu' 
control-frc'c  stability  was  made'  by  a  seric's  of  computations 
for  an  average  airplane  having  tlu'  characteristics  givc'ti 
h('reinaft(‘r.  The  current  tn'iid  toward  a  positive'  floating 
tendency  in  control-surface  dc'slgn  suggests  tlu'  use  of  and 
as  th('  fundaiiu'ntal  variables  to  Ix'  used  in  exprc'ssing 
stability  and  control  charactc'rislics.  The'  n'sulls  arc'  pre- 
sc'nted  as  a  series  of  figure's  lliat  show  the*  rc'lations  Ix'twc'cm 
C\,  and  which,  with  the'  other  dc'rivativc's  fixc'd.  satisfy 

‘'f  ^ 

the  conditions  for  nc'utral  dynamic  stability  and  nc'utral 
static  stability. 

A  cui'vc'  for  neuti’al  dynamic  stahiiity  is  the  Ixxindary 
dividing  the'  ivgion  of  increasing  oscillations  from  the'  rc'gion 


of  damped  oscillations  and  is  ohtainc'd  from  Koiith’s 
discriminant 

nCF-A/i‘~FIF=^i) 

The'  c'onclition  for  lu'utral  static',  stabilitv  is  that 

F  =  i) 

The  stability  cx] nation  (d)  has  four  rcx)ts.  A  pair  of 
com[)l<'x  roots  indic'atc's  au  oscillatory  mode'  and  a  real  root 
indicates  au  apericxlic  mode.  'Idic'  rc'al  part  of  the  complc'X 
root  dc'lerminc's  the'  damping;  the  imaginary  part  determinc's 
tlie  period  of  the  oscillations.  .More  specifically,  if  thc're  is 
a  i)air  of  c'omplc'x  I'oots 


X^.^:n4 
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lh(‘  p('ri()(l  in  seconds  is  ^iv(‘n  by 


Mini  tlu'  tilin'  in  si'conds  to  danip  to  lialf  ainpiiliidi*  is^ivi'ii  by 


'l\n  = 


JL 

-M’  ^ 


Foi-  Mil  nir[)lan('  at  (Hinstant  sp(‘(*(l,  then*  may  bo  Uvo 
oscillatoi'v  m()<l(‘s,  tlu'n'  may  be  only  one  oscillatory  mode,  or 
the  motion  may  Ix'  (‘iitircly  aperiodic.  In  cases  in  wliicli 
there  arc'  osciilatorA'  compoin'ids.  one  of  the  oscillations  may 
In*  poorly  damped  and  (‘Vc'ti  beconn'  unstable. 

Tlie  avt'raire  airplane  on  wliich  the  calculations  of  this 
report  are  based  is  of  conventional  di'si^n.  The  char¬ 
acteristics  of  tJie  airplane  are 


.1,,. _  - . - . -  - . .  t) 

A-, _  _  .  _  I.  5 

.  . . . . . .  3.3 

c  2 

r _ _ _ _ _  I 


tl^w 

ft- 

•s.ASb- 


0.  18 
2 

0.  55 
I.  5 


The  basic  stability  derivatives  and  parameters  obtained  from 
these  airplane  cliaracteristics  by  methods  shown  in  appendix  A 
are 


by  varying  tliem  one  at  a  time,  through  a  raime  of  values,  and 
sliowin^  for  each  parameter  a  s(‘ri('s  of  stability  boundaries. 
The  size  of  tin*  airplane,  wing  loadintr,  and  altitude  are 

f)} 


combined  in  the  parameter  which  is 


pSJ) 


A  variation 


in  M  thus  could  be  due  to  a  v’ariation  in  siz(‘,  win^  loading, 
or  altitude,  or  any  combination  of  these.  The  ranire  of  values 
of  ^covi'red  in  t  lie  [iresent  report  and  some  typical  correspond¬ 
ing  values  of  wing  loading,  aliitiuh',  atid  size  are  given  in  tlu* 
following  table: 


^V'ine 

loiKliiiK  \li iliak' ifh 

t!})/s<i  ft) 


NU'jiti 

'.vitii: 

fJiora 

(fi) 


4,  17  !  40  ■  Sra  li'vcl  .  .  LM 

t  I  40  ^  Si‘:i  li*vol  7 

:!7.  i  40  ’  4:1,000  . .  7 


The  range  of  and  the  (orresponding  centcr-of-gravity 
positions  are  as  follows: 


] 

Ta.c, 

(fmetion  uf  ; 

niran  wing  | 

fliorU;  j 

!  -D.232 

n.05  [ 

1  b 

”  i 

1  . 232  : 

1 

-.05  < 

Cl  . . . 

4.  3 

Ct  _ 

3.  8 

0.  486 

. . - 

-  1.  54 

^  "'m -  ■  ■  ■ 

~0.  97 

t  (witli  no  friction)  — 

-  1 

^  "Da- 


-15.  3 
-8,  9 
3.  22Cfc 

“t 

23.  2 
-1().55G^^ 


The  following  parameters  of  the  airplane  were  varied: 
n  airplane-density  parameter 

control-fixed  static-stability  parameter 


The  ranges  of  values  of  the  other  parameters,  for  a  small 
airplane  (chord,  7  ft),  are  as  follows: 


r.  and  i. 

Moment  of  i 
inertia  of  ele-  | 
valor  etinirol  1 
system  ! 

(.slinr-ft  ■')  1 

n 

1 . 0 

I 

_  _ i 

The  following  parameters  of  the  elevator  control  system 
were  varied: 

floating  tendency 

restoring  tendency 
elevator-damping  parameter 

moment-of-inertia  parameter  of  elevator  about  its 
hinge 

is  moment-of-inertia  parameter  of  control  stiede  about 
its  hinge 

h  mass-moment  parameter  of  elevator  control  system 
about  elevator  hinge 

hf  mass-moment  parameter  of  elevator  alone  about  its 
hinge 

As  has  been  pointed  out,  the  stability  boundaries  were 
plotted,  in  most  cases,  in  terms  of  and  Ck.,  as  the  varia¬ 
bles  of  the  coordinate  system.  In  analyzing  the  (‘fleets  of 
friction  in  the  control  system,  Ch^  and  were  used  as  the 
plotted  variables  in  some  figures  whereas  and  were 
used  in  others.  The  effect  of  the  other  parameters  is  found 
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STATIC  STABILITY  AND  RELATION  TO  CONTROL  FORCES 

The  connection  between  the  static  stability  and  the 
airplaiuj  and  control  parameters  is  ('stablished  to  assist 
in  the  interpretation  of  the  n'sults  obtained  hereinaftt'r. 
Ffjuations  (1)  can  be  applied  to  static  stability  by  setting 
all  terms  containing  D  and  D-  equal  to  zero  and  solving  the 


TH  KOKKTICAL  I X VKSTK iATIOX  OF  L()X(;iTri)l  X  AL  STAIULITV  OF  AIHPLAXKS  WITH  VUKK  (OXTROLs 


cqiijUioiis  sitnultaiu'oiisly  for  llio  variation  in 
(orwan!  s|)(*(hI  willj  an  applical  ol(‘vator  liin.'^o  nioiiKMiL. 
Io>r  1('V(‘I  lliylit.  0  is  also  zc'ro  and  liic'  rvsultinir  (‘(piations  an* 

(  “h  ^  o  =  {> 

(  ^,,1,^  li  r  “T  ^  ~  ( ) 

Solvin^^  ^ivcs 

_o,„  '''r) 

"  “  . .  - 

I  Ii(‘  variation  ol  stick  forc’t*  witli  fra(‘tionuI  change  in  forward 
speed  is 

//  ^  c  pS,c,r(jA,,^  / 

^/(^r/T)  I,ru  (jiL  lirCf.  V  n  ) 

If  eirects  of  slipstream  on  the  tail  are  ne^deeted,  _l). 


As  shown  in  a[)f)(‘ndix  A.  (\, 


Insert in<;  tlu'se 


.  .1..  ,  j  insenint;  ttu'se 

values  ill  ihe  expression  for  f shows  I  hat  /’„  is  imlepeiulenl 
of  forward  speed. 

Ihe  \aiiation  oi  conli*ol  hn’ce  with  normal  acc(‘l(‘ration  in 
a  sti'ady  pnll-uf).  witli  no  ehatiixt*  asstitmal  in  forward  s[)(‘(*d 
{s(  ('  i  (*l(‘n*nc(*  ,s ) .  cam  lx*  found  from  (*(( ua t  ions  1 12 )  hv  ('Cj tiatinij 
to  z(‘ro  all  tenns  containing:  I)  (‘xcept  1)0.  This  [)rocedurc 
im|)lics  (hat  the*  normal  acc(‘lerat ion  is  due  (‘iitirelv  to 
<  III  \  attire  ol  the*  (li<j:ht  path  1)0.  Tlu*  (xpiations  h(‘come,  for 
an  a[)})li(‘d  iiimre  inomoiit, 


-  cx—2A,r^Dd 


(  h  (,  rh)  I  )0-\-(  \  ^  —(\ 


from  whicii 


Cl 


~hC,C„, 


If  the  normal  acc(*l(*ration  is  nq. 


and 

(IF 

^ ” ""  dn  ""  ~  '2VWel7~ 

_  _  pSrC,cq 

1)6  Al,r 

These  formulas  for  and  are  (‘cpii valent  to  ecj nation  ( 1 ) 
of  ref(‘rence  9  and  eciuations  (27)  and  (28)  of  ref(*renee  10. 

Tlie  forrntdas  indicaite  tliat  the  stick-force  gradients  F„ 
and  F„  an*  d(*pendent  on  most  of  tlie  aforementiom*d  airplane* 
and  elevator  param(*ters.  Figure's  i  to  5  show  tlu*  variation 
of  these  stick-force  gradients  with  the  parameters  C„  (%,  . 

«p  '5' 

(\n^,  h.  and  p.  The  gradients  are  iudepe'mh'ut  of  spc'ed. 
altliough  only  witliin  the  limits  of  tlu*  assumptions  made  in 
the  analysis,  namely,  negh'ct  of  pe)W(*r  and  of  compressihility 
(‘Ifects.  The  gradient  F^  can  ht*  used  to  get  the  stick  force 
for  only  a  small  change  in  forward  spe'i'd  [)e‘caus(‘  tlie  stiedv 
force  is  not  directly  proportional  to  the  change  in  spee'd. 
The  stick  fona*  in  a  steady  pull-up  /A,  liowe'ver,  is  [iropor- 
tional  to  tlu*  normal  acceleration  jirovieh'd  the*  control  de*- 
Ih'ction  is  not  so  grc'at  that  tlu*  liasic  assumption  of  linearity 
is  violat(*il. 

Tlu*  liiu*  F„  ()  is  the  houndary  for  true  static  stability — 
(liat  is,  Fn  ^t)  is  tlu*  condition  for  ze'ro  variation  in  stick 
force  with  forward  spe*(*d  in  sti'ady  flight.  This  condition 
is  the  same  as  that  oht aim'd  hy  s(*tting  F—i),  wlu're  F  is 
Ihe  constant  ti'rm  of  the  si.\th-ord(*r  stability  e<|uation 
obtained  from  <*(juations  (1).  On  subsecpient  figure's  it  is 


:  calh'd  the  divergence  boundary.  The  line  F„  =  0  is  the 
boundary  for  apparent  static  (or  maiieuve'ring)  stability  and 
IS  the  condition  for  zero  variation  in  stic'k  force  in  a  steady 
,  pull-up.  This  condition  for  Fn  =  i)  is  obtained  by  setting 
I  /^— -0  in  the  approximate  stability  equation  (equations  (8)), 
which  is  for  three  degrees  of  freedom  {a,  1)6,  and  6,).  On 
the  unstable  siele  of  Fu~i),  a  slow  divergence  occurs  that  is 
noticed  by  the  pilot  as  an  unstable  variation  of  stick  force 
I  with  forward  speed.  The  stick  force  due  to  normal  accelera¬ 
tion  in  a  pull-uf)  is  stable,  howev(*r,  unless  the  conditions  are 
sucii  that  the  airplane  is  operating  on  the  unstable  side  of 
/^Ao. 

h  igures  1  to  5  indicate  that  the  parameters  have  the  same 
('ffi'ct  on  F,.  and  F„  vxrept  that  the  altitude  affects  only  F,. 
They  show  that  tlu*  stick-forcc*  gradients  on  an  airplane  of 
giv(*n  tail  sizi*  and  c(*nt(*r-of-gravity  position  may  hr*  in- 
cr(*as(*d  by  making  tlu*  float iiig  ti'iidency  more  positive 

or  by  m.iss  unbalancing  tlu*  ('h'vator  control  system  to 
di'pn'ss  the  elevator  (make  it  tailheavy).  The  effect  of  the 
restoring  ti'iuh'ncy  on  the  stick-forci*  gradients  depends 
on  the  r(*lativ('  position  of  tlu*  (‘(‘titer  of  gravity  and  the 
at'rodynamic;  center.  If  tlu*  c(*nter  of  gravity  is  ahead  of 
tlu*  a(*rodynanii(*  c(‘nter  (airplane  stable*  with  controls  fixed), 
incr(*asing  the  magnitude  of  C,,.  incr(*as(*s  the  stick-force 
gradients.  If  tlu*  c(*nter  of  gravity  is  lu'hind  tlu*  aerody¬ 
namic  c(‘nt(*r,  this  (*(i(*ct  on  F„  is  r(*v(*rs(*d;  tlu*  (’fleet  on  Fr, 
is  not  r(*vcrs(*d,  how(*v(*r,  until  tlu*  c(*nt(‘r  of  gnivity  is  w(*ll 
behind  tlu*  a(*rodynamic  center  (in  this  case,  about  O.O.V  at 
s(*a  lev('l  and  0.02c  at  80,000  f(*et).  If  T.^-O,  the  stick 

force's  are  independent  of  the  position  of  the  airplane  center 
of  gravity. 
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Restoring  tendency^  O,  R^'\rortng  tendency, 

I'KirKK  :t.  -Trim  force  t\  and  pull-up  force  /’«  as  functions  of  hitiitc-uiomcnt  parameters.  Fiolme  4.~Triju  foriv  mid  pull-u|>  furtr  t\  as  fimctioiis  of  tiinKc  nioiiM-nl 

TK  ir 

i«.t.  =  -0.05c;  “ 40  pounds  per  square  foot :c  =  7  feet;  sea  level.  stick  force  in  pounds  Mass-unbalana*d  elevator  (A  =  10):  r,.,.  =0.U5c;  -40  pounds  |H‘r  s<iuare  foot; 

for  1.0;  r,=.stick  force  ill  iKiundsixTff  normal  acceleration.  level.  -fX=stick  force  in  imunds  for  1.0;  F.-.>;tick  force  in  pounds  p* 

acceleration. 


s 
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h.crcaso  in  altitiulc  will  vitli.T  nuicaso  or  .Icrn-asc  /',,, 
,|,noii<liDsr  on  llu'  lun-o-nioin.-nl  |.araniot,o-s.  I  iw  soli.l 
lino  in  lisrniT  5  is  llw  locus  of  values  ol  an.l  (  o.i  whu  li 
/■■  is  iiulcpcn.Icnt  of  allilu.lc.  Tor  points  to  t lie  left  of  this 
r„u.  K  .Iccrcascs  with  altitude:  for  liouUs  to  the  ntrht  o 
this'li.te,  /'■„  increases  with  altiUule.  This  line  ts  .letertnttUHl 
l>v  tin*  relation 


('  I,  ^'5 


which,  for  the  ease  of  lifrufo  h.-eotues 

-  1  oOfAj 

\uother  method  of  iiiereiisinf;  the  sliek-foree  <rnulieiit  iii 
l,.vel  llifrht  F,.  eoitsists  in  applyiiif;  a  constant  hmtie  moinen 
to  the  elevator  hy  mt-ans  of  a  sprinsr  or  hun-;ee.  The  el  e( 
of  the  sprint:  on  the  gradient  F,.  is  due  to  the  d..rivative 
(\  which  depends  in  the  same  way  on  the  constant  hint:e 
moment,  whether  it  is  caused  hy  a  wtujrht  or  hy  >*  ' 

,,„ns:ee.  which  tends  to  depress  the  tdevator,  wtll  the.eio t, 
inerease  the  stiek-foree  <;rath<'nt  in  level  (light  T  ic 

olfeet  of  the  bmigee  on  the  stick-fore.,  gra.hent  m  a.-c.h.rated 
(light  Fn  will  he  z..ro  heeause  its  action  depemls  solely  oil 
ehang(.s  in  forward  sp.xxl.  Its  elfeet  on  the  short-perio.l 
oscillations  will  h.'  zero  for  the  same  reason. 

dynamic  stability 

NO  CRIOTION  IN  CONTROI.  SYSTKM 

The  stabilitv  of  the,  short-period  oscillations  without 
friction  is  shown  in  (igures  (i  to  1 1 ,  which  also  slmw  the 
boun.larics  for  true  static  stability  (.livergence 
Fimire  (i  is  an  ...xample  of  a  more  nearly  complete  iiresentation 
of'  the  stabilitv  data  than  subse.pient  (igures  b.>eaiis('  d 
shows  the  variation  of  damping  and  period  of  oscillation 
with  the  hinge-moment  paiameters  and  f  for  eertain 
lixcl  valm-s  of  the  other  paramet..rs.  The  .lamping,  winch 
is  iiroportiomil  to  inereas.-s  with  the  magnitu.ie  of  f 

Th..  p..rio.l,  proportional  to  ^  .U'creases  as  (\,  in..reas..s. 

\nother  wav  of  pr.-senting  this  a.l.litional  stability  .lata  is 
diown  in  ligure  7,  which  giv.-s  the  numb<.r  of  .yles  the  os-  il- 
lation  p..rforms  b..fore  it  .lamps  to  half  amplitu. h'.  It  is 
,.l,.ar  from  ligure  7  that  the  osi'iUatioii  is  very  w.-l  .lamp.-.l 
,„.l..ss  the  r.-storing  tendency  is  .'lose  to  /.ero.  In  this  |nu ti¬ 
tular  ...ise,  only  one  .iseillatory  mo.le  .-.xists.  Iiiasmu..h  as 
there  are  ..nly  three  r.iots  in  this  ..as.,  (because  an.l  n-( I), 
th..  other  root  is  always  r..al  an.l  is  of  no  parti..ular  sigtii  i- 
eanee  in  .lynanii..  stability.  In  cases  in  whi..h  an  a.l.htional 
.iscillatorv  mo.le  ..xists,  it  is  always  stable. 

'I'lie  ..ir....t  of  c..nter-of-gravity  position  .m  th..  <> 

the  short-pi.rio.l  oseillations  is  shown  in  ligure  8.  The  sin 
i„  the  .lynami.-stabihty  boun.hiry,  for  the  ..omparatively 
large  shift  in  I'enti.r  of  gravity  shown,  is  practieallv  negligible. 


Many  of  the  siibs...|uent  (iguii.s,  in  which  /-..ro  static 
is  assunie.l  to  fai-ilitate  eoininitation,  thi.relore  are  vali.l  lor 
airphini.s  having  a  margin  of  static  stability. 

The  ell't.et  of  moment  of  iiu.rlia  of  thi.  ..h.vator  eonirid 
system  on  the  .lynanii..  stability  is  ^h..wn  in  ligiir..  it,  wbi.-h 
.dv..s  tvpieal  values  .if  tbe  ni.iineiit  of  inertia.  The  ‘‘"'‘'T  ^ 
slightly  .lestabilizing  esp....ially  for  high  valu..s  of  (  b.. 

,l..stabilizing  ..(feet  of  th,.  m.nu..nt  of  inertia  of  th..  ..levator 
is  srreater  than  (hat  of  th..  moment  ,>f  m..rtia  of  the  .•ontrol 
stick.  He.ause  the  aeeura..y  gain,..!  by  ui..lu.lmg  moment 
of  in..rtia  is  small  ...imiiare.l  with  th..  saving  m  labor  game, 
bv  negleeting  it,  mom,.nt  of  inertia  of  th..  ..levator  ..ontrol 
svst,.m  was  s,.t  ...pial  to  z..ro  in  the  subse.pient  ..alculation. 

.Vs  a  r..sult,  the  stability  ...piation  b....omi.s  a  eubic  and  siili- 
si-queiit  figuri.s  are  somewhat  uneonservative. 

The  ..((....t  of  .leiisity  i)aram,.ti.r  a  on  the  ilynamic  staliihty 
is  shown  in  ligur..  10.  Ini.ri.ase  of  a  has  a  slight  destabilizing 

'  "As  iias  b,.,.n  sbown.  mass  unbahin,...  of  tbe  elevator  control 
svstem  improv.‘s  the  static  stability  ((ig.  db  Tho  ede.t  on 
dynamic  stability  is  unfavorable,  however,  as  shown  m 
(igure  1 1  The  value  of  mass  unbalanc..  slio.vn  eorr.'sponils 
to  a  bobweight  that  is  locate.l  at  the  airplane  center  of 
..ravitv  an.l  r..<pnr..s  a  balan.ing  pull  of  87  pounds  on  the 
control  stick  of  a  imreuit  airplane  at  sea  level.  Increasing 
oscillations  occur  if  the  aerodynamic  balance  is  too  high 
(low  magnitud..s  of  <?.,),  especially  for  negative  values  of  ( 

The  ..(feet  of  the  location  of  the  bobweight  is  shown  in 
ligure  12.  Kach  ..iirve  represents  a  ildfcrcnt  arrangement 
of  bobweights  and  all  arrangements  give  tho  same  stick 
force.  The  solid  line  eorrcspon.ls  to  a  weight  at  the  air¬ 
plane  e..nter  of  gravity  (for  practi<.al  purposes,  at  the  control 
stii'kl.  The  short-.lash  line  |.orr,.sp,)n.ls  (o  a  weight  at  tlie 
,. h.vator.  The  long-.hish  line  correspon.ls  to  two  weights— 
one  at  the  elevator,  whi..h  ten.ls  to  make  it  nosehcavy;  the 
other  at  the  .....itrol  sti<.k,  which  gives  the  elevator  a  su(h- 
eieiitlv  powerful  tailhi'iivy  moment  that  the  resultant  stick 
fore.,  is  the  same  as  with  the  single  weight.  In  the  particu- 
hir  .-ase  represent,-.!,  the  noseheavy  moment  due,  to  tlie 
weight  at  the  el.-valor  is  e.pial  to  the  tailheavy  moment  .lue 
(o  both  weights.  Moving  the  single  w.-ight  from  H'e  <•<>■>- 
irol  stick  to  (he  ..l.-vator  has  a  large  ,l.-stabihzing  clf.-ct. 
Overbalancing  th,.  elevator  while  the  stick  hu'cc  is  kept 
constant  has  a  .-onsi.lerable  stabilizing  ..(feet.  Tins  nietho. 
of  prev.-nting  instability  has  the  .lisa.lvantnge,  however.  ,)( 
in.-r.-asing  the  total  amount  of  unbalancing  weight  requirial. 
In  tbe  eas,.  shown,  (he  weight  is  incr,.nse,l  to  three  tiin.'s  its 
original  siz,-.  .\noth.-r  .lisa.lvantage  is  the  rearwar.  shift  iii 
.•enter  of  gravitv  of  the  whole  airplane  .hie  to  a.lditionai 
w.-ight  at  the  elevator.  (See  airplane  parameters  given  in 
“Metho.l  of  Analysis.”)  The  .lestabilizing  eiiect  of  the  in¬ 
creased  moment  of  inertia  associated  with  the  a.l.led  weights 
was  foiin.l  to  b..  very  small,  esii.-cially  for  negative  (loatmg 
tendency. 


Increasing  o c  c  iHaficns 


Restoring  tendency,  C.,  Restoring  tendency, 

Fid  RE  7.— Xuuibcr  of  cycles  to  (lamp  to  half  amplitude  Xu  acainst  hinge-moment  Fid  re  S.—Ellcct  of  center-of-pravity  location  on  stiii)ility 

paranietcrs.  h  =  12.5:  A  =  i«=i,=0. 


tncreas^nc^  o  s  c  t  Hut  tons 


i{KPoirr  \() 


—  X.VriOXAL  ADVISORY  ('OMMITTKK  R)li  AKROXAi  riC’S 


’'''J  butIDO/J  ^ 


Rest  or, fsnciency.  Resfor.rg  tendency,  C.^ 

,rKE  ll.-KiTvct  of  mass  unbalaiut'  of  the  elovator  cunuol  sysiom  on  iho  stability  Figure  12.-ElTt*ct  of  location  of  mass  unbalancoofthoLUvatuitumiolsy>i,-monih( 

boiiiularics.  ^^  =  12. 5  l»oundarics.  m  =  i*  =  b,  i,  =  n. 
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i’lIKORK'I'K’AL  I  .WKSTKIA'l'lON  Ol''  L<)\(iITri)I  XAI. 
i:i-’FK(  T  OK  Viscors  FRICTION  IN  <’ON TROI.  SYSTEM 

III  tiu'  pn'cedin^  s(‘clioii.  u  coiistjuit  vnliio  of  lli(‘  cloviitor- 
(iiinipitiij:  paranu'lor  was  ussuiikhI.  This  valiio  was  diir 
only  (o  aorodynanii(*  dainpinir.  Th(‘  (‘flVcts  of  viscous  fric¬ 
tion  in  tlu'  (‘h'valor  control  system  arc  obtained  by  considiu- 
in^  as  an  additional  variable.  This  variabh’  can  1)(‘ 

i nt rodu(*(‘d ,  as  in  tlu'  preci'din^  sc'ction,  by  showinii^  a.  siu’ii's 
ol  I)onndari(‘s  in  the'  plane  for  various  vahu's  of 

Th(‘  iieiu'ral  nature  of  llu'  (dlect  of  friction  is  shown 
first,  how('V(‘r,  by  prc'sentinjj:  boundarii's  in  thi‘ 
pla.ne  with  constant  and  some  oilier  paranudi'r  varied. 
"I'his  method  of  presenting  stability  boundaries  maki's  it 
(‘asi('r  to  show  tin*  (‘fbads  of  other  parainotors  sindi  as  air¬ 
plane  center-of-^ravity  position  and  diaisity  wlum  friction 
is  introducial. 

The  (‘fleet  of  viscous  friction  on  the  dynamic  stability, 
for  various  conditions,  is  shown  in  fi^uivs  IS  and  14  for 
M— 12.5  and  n  —  :\7.i),  resp('ctively.  Fi<>:ures  KUa)  and  14(a) 
r(‘fer  to  the  mass-balanc(Ml  elevator  control  system;  figures 
and  14(1))  rtder  to  tlu'  tailheavy  (‘levator  control 
system  consideird  in  llie  piTceding  s(*etion.  It  is  sliown  that, 
if  the  airplane  center  of  gravity  is  ahead  of  a  (’ertaiii  point, ^ 
tlie  instability  caus(*d  by  the  imbalanced  elevator  can  bo 
remov(‘d  by  adding  viscous  friction  to  the  control  system. 
This  critical  center-of-gravity  position  is  behind  the  aero¬ 
dynamic,  center,  and  its  distance  from  the  a(*rodynamic 
(•(‘liter  d(‘creas(‘s  as  the  density  parameter  m  increases. 
Wh(‘n  tin*  cimter  of  gravity  is  behind  this  critical  position, 
viscous  friction  lias  a  (i(‘stabilizing  effect.  These  opposite 
effei^ts  of  viscous  friction  are  shown  in  the  Ct,^  plane  in 
figur(*s  15  and  10.  AVhen  the  center  of  gravity  is  slightly 
ahead  of  tliis  critical  position,  the  effect  of  viscous  friction 
d(‘p(‘nds  on  its  magnitudi*  and  also  on  tlie  value  of  The 

addition  of  a  small  amount  of  viscous  friedion  is  destabi¬ 
lizing  but  larger  amounts  are  stabilizing.  I f  the  a(‘rodynamic 
balance  is  sufliciently  high  (r^;,  —  !))  and  the  viscous  friction 
lies  in  a  c(‘rtain  range,  increasing  oscillations  will  oc(mr. 

In  figure  14(b),  for  (‘xample,  if  =  — O.OIc  and  0.05, 

(he  oscillations  will  lx*  unstabh*  when  the  (‘levator-damping 
paranu'ter  is  in  th(‘  i-aiige  from  —2.5  to  —70.  If  is 
luori’  iK'gativi*  than  —0.080,  no  amount  of  (‘levator  damp¬ 
ing  can  cause  incn'asing  oscillations.  As  the  c(‘nter  of 
gravity  moves  forward,  the  destabilizing  efh'ct  of  (‘levator 
damping  b(‘com(‘s  l(‘ss  and  finally  disappears. 

Tin*  effect  of  the  d(‘nsity  parameter  /i  (-an  b(‘  s(*en  l)y  com¬ 
paring  figures  18  and  14.  The  critical  center-of-gravity 
position  approa.ch(‘s  tlu*  aerodynamic  cent(‘r  as  m  incr(‘as(*s. 

’  Since  J  lii.s  tc|Hiri  was  written,  I  his  iNtint  has  hccii  fotiiMl  to  hi'  w  hero  /**— O.soinetinu'scallcd 
the  St ifk-flxc<l  mntictiscr  (loint. 


I  srAHILlTV  Ol-  AIKPLAXKS  WI'I'H  VUKE  COXTUOLS 

I  When  a  12.5,  (‘h'vator  damping  always  has  a  stabilizing 
efl'eta  f)i'ovi(led  is  [lositive.  When  /i  =  87.5.  elevator 

damping  may  lx*  ([('stabilizing  ovt'r  a  small  range  of 
and  ('V(‘n  when  a.c  positive  (0.05c). 

When  the  center  of  gravity  is  slightly  ah(‘ad  of  tlie  afore- 
nientioiK'd  critical  position  (w'hieli  is  hehind  the  acn’odyiiamie 
cent  ('I'),  the  eonditlons  under  wliieh  (‘levator  damping  mav 
eaus(‘  dynami(;  instability  may  b(‘  advantag(‘ouslv  i'('pre- 
st'nted  in  tlu'  ])Ian('.  If  a  seri(‘sof  stability  boundniT's 

arc'  drawn  in  that  ])lane  for  various  values  of  elevator  dani])- 
ing,  tlu‘y  will  all  be  confined  to  a  region  boumh'd  by  a  liiu' 
tliat  will  1)(*  called  the  boundary  of  (‘om])leto  damping.  An 
illustration  of  two  methods  of  (.‘onstructing  this  boundary  is 
given  in  figure  17.  If  a  series  of  boundaries  in  tlu*  Ch^ 

l)laiu*  ar(‘  drawn  for  various  values  of  the  damping,  the  com¬ 
mon  tang(‘nt  ol  all  tliesc*  curves  is  the  lioundary  for  complete* 
damping.  This  boundary  can  also  be  drawn  by  plotting  the 
minimum  values  of  obtained  from  ])lols  of  the  typo  shown 
in  figuiTs  18  and  14  against  corr(*sponding  values  of  C/, 
The  H'gion  in  the  plane  between  the  boundaries  for 

complete  damping  and  increasing  oscillations  is  the  region 
whore  the  addition  of  viscous  friction  to  the  (‘levator  control 
system  may  cause  dynamic  instability. 

That  a  boundary  for  complete  damping  cannot  ho  shown 
for  M  =  12.5  if  the  airplane  is  statically  neutral  or  stable  {Za.c. 
is  zero  or  ])ositive)  may  be  seen  from  figure  18.  It  is  possible 
however,  to  show  a  boundary  for  complet(‘  damping  under 
these  conditions  for  g  =  87.5.  Figure  18  shows  these  bound¬ 
aries  for  =  and  for  the  critical  value  ara,c.=  — O.OlTc, 
for  both  a  mass-balanced  ('levator  and  a  mass-tin  balanced 
('levator.  The  boundaries  for  increasing  o.scillatioiis  and 
divergence  are  also  sliown.  For  the  case  of  the  moss-baianced 
elevator  (/i  =  0),  the  boundary  for  cointilete  damping  is  a 
straigiit  line  tlirougli  tin*  origin  and  tlu'refore  corresponds 
to  a  fixed  ratio  of  the  floating  and  r(*storing  tendencies, 
or  floating  ratio.  Elevator  mass  unbalance  decreases  the 
region  of  (‘om])l(‘te  damping. 

EFFECT  OF  SOLID  FRICTION  IN  ELEVATOR  CONTROL  SYSTEM 

Tlu'  l)()undarv  for  com])le{('  damping  has  an  important 
Ix'ariiig  on  tlie  (‘fleet  of  solid  friction  on  dynamie  stability, 
fn  order  to  eal(‘ulate  tliis  ('ffeet,  the  solid  friction  is  re])laced 
by  an  (‘((uivah'iit  viscous  friction  that  would  dissijiate  energy 
at  the  same  rat(‘.  This  condition  giv(‘s  an  (‘riuival(*nt 


for  a  sinusoidal  motion  of  tlu*  ('[(‘vator  with  aiuplitude  6  and 
angular  fr(‘(|uency  tj. 


Increasing  oscillations 
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It  rail  he  sliown  that  if  viscous  ft*i(‘tioii  is  (h'stahilizitiir,  as 
in  figures  Ih  (o  18,  solid  friction  niay  l(‘ad  to  steady  oscilla¬ 
tions  liavin^  an  amplitude  ])roportioiml  to  the  amount  of 
friction.  Sup])os(‘  an  oscillation  is  start(‘d  with  amplitude 
and  frequency  which  r(‘sult  in  an  eciuivahuit  that  would 
caus(‘  increasing  oscillations.  Lt‘t  this  condition  he  r(‘i)re- 
sented  hv  point  2  in  fiirure  19.  The  aiu])litude  of  the  oscil¬ 
lations  would  then  increase  until  the  (‘(juivalent  (h*- 

creased  to  the  valui'  that  would  result  in  neutrally  damped 
oscillations,  represented  h}^  point  in  fic;ure  19.  If  the 
initial  amplitude  is  so  low  that  the  (‘(luivalent  viscous  fric¬ 
tion  is  in  tin*  stal>h'  re<^ion,  as  shown  hv  point  1,  the  oscilla- 
tioiis  will  di(‘  out  compieU'ly.  If  the  initial  amplitiKh*  is  so 
hiirli  that  the  os<“illations  are  stable.  r('j)reseiited  hy  point  4, 
the  amplitude  will  decreas('  tintil  it  r(‘aches  a  constant  value, 
when  the  e(piivah‘nt  is  ayain  n^presented  hv  ])oint  M. 

The  value  of  at  point  9  then  d(‘t(‘rmines  the  am])litud(‘ 
of  the  slt'ady  oscillations.  By  solvinn*  formula  (4)  for  1,  the 
am])litude  of  th(‘  steady  oscillation  is  ohtaiiwui  as 

wIk'Ic  7}  and  are  the  values  at  ])oint  9.  This  formula  I 


shows  that  the  amplitude  is  ])roporl ional  to  the  amount  of 
solid  friction. 

The  fore^oin^  analysis  shows  that  the  rejrion  in  the 

plaiK'  l)(‘tw{‘en  th(‘  houndary  for  in<’n‘asin;j:  oscillations  and 
tlie  houndary  for  cornph'te  damping  is  the  re<rion  wliere 
st(‘ady  oscillatiotis  may  occur  lM‘cause  of  tlie  influence  of 
solid  friction  in  the  control  systtun.  Ail  the  remarks  in  the 
])recedin^  S(‘c(ion  coma'rninjj:  tlu*  houndary  for  (‘omplete 
damping  with  viscous  friction  <“ons<'(iuently  a[)ply  to  the 
l)oundary  for  st('ady  oscillations  with  solid  friction,  inasmuch 
as  these  two  lK)undaries  are  the  sanu*.  within  the  limits  of 
the  assumptions  involved  in  th(‘  us(‘  of  the  concept  of  (‘(jui- 
vah'iit  viscous  friction.  Steady  oscillations  due  to  solid 
friction  will  not  occur  on  a  statically  neutral  or  stable  air- 
])hin(‘,  for  instanc(\  unh‘ss  m  is  very  hir^e  (corn'sponds  to  a 
hi^h  altitud(‘).  h]v(Mi  in  that  cas(\  th(‘  ])ossihility  of  steady 
oscillations  (wists  only  for  a  c()mparaliv'(‘iy  small  ran^o of 
float in^^  r-atios.  If  tlu'  airplane  is  statically  unstahh'  hy  a 
suliici(‘nt  amount,  howevtu',  steady  oscillation  may  (‘xist 
over  the  entire  ran^e  of  floating  ratio. 

Some  calculations  of  the  amplitude  of  the  steady  oscilla¬ 
tions,  (‘.\|)resscd  in  t(‘rms  of  normal  acceleration  per  unit 
Irictional  force  as  f(‘lt  at  tlui  control  sti{‘k,  W(‘re  made  by  the 
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(a)  A -10. 

(b)  A-0. 

Figure  18.— Boundaries  for  comploto  dampinK,  increasing  oscillations,  and  divergence 

>i-37.5. 


mctliod  of  appendix  B.  The  results  are  presented  in  figure  20, 
whicli  shows  lines  of  constant  amplitude  in  (he  Ct,  Cf, 

plane  for  an  airplane  with  the  center  of  trravity  at  the  critical 
position  ref(Tr(‘d  to  in  the  prccedinjr  section.  Steady  oscilla¬ 
tions  will  therefor  occur  throughout  the  entire  n'jrion  whore 
stability  (*xists  in  the  al)sen(*e  of  frietion.  The  amplitude 
is  smallest  for  hi^h  values  of  combined  with  hi^di 
values  of  Chy 

CONCLUDING  REMARKS 

The  stick-free  static  stability  of  a  conventional  airplane 
may  he  improved  by  makin^^  tlie  elevator  floating  tendency 
more  positive  or  by  mass-unbalancing  tlic  c](‘vator  control 
system  to  make  the  (‘levator  tailheavy.  Increasing  the 
r('storin^  tendency  also  has  a  favorahh'  elFect  provided  (he 
airplane  is  stable  with  stick  fi.xed.  If  the  iTstoriiur  tendency 
is  zero,  the  stick-five  static  stability  is  independent  of  air¬ 
plane  c(‘nter-of-irravity  position, 

Tlu*  dynamic  stability  with  frietionless  (‘ontrols  (Ie|)(‘n(ls 
chiefly  on  the  r<‘storin^^  tendency  (.\^  and  on  (he  mass  balance 
of  the  (‘!<‘vator  control  system.  If  the  (‘levator  control 
system  is  mass  unbalanced  (elevator  made  tailheavy)  by  an 
offset  wei^dit  at  the  (‘ontrol  stick  and  if  the  restorin^^  tendency 
is  too  low,  ineivasin^^  short-period  oscillations  may  ivsult. 
This  condition  can  he  rcm(‘di(‘d  by  the  use  of  two  additional 
weidits— one  at  the  eh'vator  makinir  it  noseiieavy,  tlie  other  ; 
at  tlie  control  stick  making  tlie  elevator  sufficientiy  taillieavy  i 


t  hat  the  combiru'd  effect  ^ives  t  lie  elevator  the  desired  amount 
of  tailheaviness. 

File  addition  of  viscous  friction  to  the  control  system  will 
prevent  dynamic  instability  provided  the  airplane  center  of 
irravity  is  forward  of  a  critical  position  which  is  behind  the 
aerodynamic  C(*nter  and  approaches  it  as  the  value  of  the 
density  parameter  ^  increases,  ff  the  airplane  center  of 
ij:ravity  is  Ix'hind  this  (‘ritical  position,  viscous  friction  will 
have  a  destahiliziriix  elleet.  no  matter  what  the  liingc- 
nioment  pnrarneti'rs  are.  If  tlie  ciMiter  of  gravity  is  slij^litly 
ahead  of  the  critical  position,  viscous  friction  may  he  de¬ 
stabilizing  lor  a  limited  ranj^e  of  values  of  viscous  friction  and 
(lie  hin"('-momcnt  parameters,  A  low  r(‘storin^  tendency 
and  a  hitch  positivi'  (loalintr  tend(‘ncy  will  t(‘nd  to  cause  this 
dynamic  instability.  W  hen  ^  is  v(‘rv  lart;e  (hi^h  altitude), 
this  (‘oiidition  of  sii'ady  oscillations  can  occur  (*ven  if  the 
centi'r  of  gravity  is  ah(‘a(l  of  th(‘  a(‘rodynamic  (‘enter. 

J  he  pivsenec  of  solid  friction  in  the  control  system  mav 
cause  slior(-j)(‘riod  sU'ady  oscillations  under  the  conditions 
lor  whi(‘h  viscous  friction  is  d(‘stahilizine:.  The  amplitude  of 
the  oscillations  is  proportional  to  the  amount  of  friction 
present. 


Lanot.fy  Mkmoriaf  Akuoxautical  Lahoratohv, 

.Vational  Advisory  {'o.mmittf:k  for  Akroxautics, 
Laxcley  Field,  Va.,  December  23,  1043, 


APPENDIX  A 

EVALUATION  OF  STABILITY  DERIVATIVES 


Derivative  -’Plu',  total  liin<re  moiiK'iit  acting  on  the  I 

I'lovator  may  la-  cxprossed  as 

//  =  (C,  a  +  ( .1  p  1  ’-Sx,.  r  //.// 

=  (r,^a+r,,6,)prN>, 


At  trim  thorcforo. 


Jhu  . 
pr-s.c. 


a 


Ily — —  7  '  P  V  OgCf  1’’ 

pV^SXe 

dlljlp  _  2IIy _ 4//^ 

~~TVIV  ~’pVS.c,  pt-^V, 


If 


/O  _ 

yi 


UsitiK  pV^CLS^=m;/  gives 

~ _ hcgpCLSq  _ 

2A„m 

Derivative  r,„^.  —The  parameter  may  lie  obtaineil 
from  wiiut-lunnel  m<'asurcineiits  or,  if  the  position  of  the 
acroclynamie  center  of  the  complete  airplatie  is  known,  may 
be  eaiculated  by  the  formula 

Cm^— 

Derivatives  and  Cm^2,- — T'hc  derivatives  and 

C„  ..  arise  because  of  the  lag  betwcim  the  change  in  angle 
of  nUaek  at  the  wing  and  the  corresponding  downwash  at 
the  tail.  It  is  assumcrl  that  the  downwash  at  any  instant  t 

depends  on  the  angle  of  attack  at  the  instant  <  — yvi  the  dilfer- 

ence  being  the  time  required  for  the  air  to  move  from  the 
wing  to  the  tail.  If  a=J(t),  this  relation  may  be  expressed 
as 


wlirro 


Now, 


Ifeiico, 


-4 


/«-A0=/«)-A</'«)+-yr/"(0-  ■  •  • 


r  A,  1 

e  =  €a  a  — A^a:^ - — a—  .  .  . 


.  2V 


4^2 


or,  bocausc  a  =  ^  Da  and  a=  D'a^ 

t  —  ta(^ot—lhDa-\-^yD^a—  .  . 

and,  because  a/==Q:— «, 
a,  =  a— fa 

and 


ect 


The  part  of  the  pitching-moment  coefficient  contributed 
by  the  tail  is 

/nr  _  /T 

m  .  o  ^  ®  * 

=  j^a(l  —  Ca)  -f  2  J 

The  lag  effectively  introduces  derivatives  ^«/>2a»  •  •  •  • 

The  first  two  of  these  derivatives  are 


and 


^ 
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Derivatives  - 1  lio  (l(‘ri\ nti\ (^s  / 

iuul  1)0  (>l)laiiica  from 

tv, 


which  ^ivcs 


:  =  (],  ( 1  ~  €,. )  a  +  Cn  ^Jh  Doc  -  (  e.  /  >'a 

a  I  - 

r’„„=('4„  u  -f..) 

,, _ ,, 

Derivative  — Tho  ])ilchin^  moment  dno  to  pitching 

is  iniuli'  up  oC  ])atts  duo  to  pi(>i)ollof.  ^^insr.  nisol.ifio,  aiul 
liorizoiital  tail.  Tlio  coiilribulioii  of  tlio  tail  is  by  lai-  tlio 
lai-frost  and  can  easily  bo  oaloulab'd. 

If  tlio  airplaiio  is  rotatiii};  with  aujxular  volooity  0.  ibo 

inoreaso  in  angle  of  attack  at  the  tail  is  L,  p'  which  results 
in  an  increased  lift  on  the  tail  given  (in  coodicient  form)  by 

The  resultant  pitching-inoincnt  coelliciont  is 


r, 


,,  Li,  Si  p  r  ^  ^ 

c  s,r~  ''^.y  c 


.)  y  2Lh 

and  expressing  0  as  06  and  as  /„  jj;i\cs 

'or,  I 


Tlio  contribution  of  the  wing  depends  on  the  assumed 
axis  of  rotation  (center  of  gravity)  but  a  fair  average  value 
will  be  obtained  bv  assuming  that  the  center  of  gravity  is 
at  the  wing  (iuart<>r-chord  iioint.  This  assumption  givi's  a 
value 

c„=^-lno 

The  total  pitching-moment  cocdicicnt  due  to  pitching 
therefore  is 


Derivative  -1'he  derivativt'  may  l)(‘  nu‘a?>uied 

flirecUy  in  a  wind  tunnel  or  mav  l)c  computed  from  wind- 
tunnel  data  on  the  valiu‘  o(  ior  tln^  horizontal  tail  by 

means  of  the  formula 


Derivative  Cwj^^  -Tlie  dcrivativ('  f  ’  7,5  J)>ay  he  ('omputed 


from 


0’"m  -  -L(c)/>a)x  ^  S,,  c 


Cm) .  (j»)„  . . . .  ' 

of  ref.'ience  1 1,  which  is  based  on  thin-wing  poteutial-llow 
theory. 

Derivative  Chj^Q-  The  dtM  ivaiiv(‘  is  ^iven  by 

In  the  absence  of  vis(*ous  friction  in  the  elevator  control 
system,  the  value  of  may  he  computed  from 

(a«),  (o»)„  ' 

of  reference  1 1 . 

If  a  dashpot,  which  has  a  dainpin^:  constant  of  K  potmds 
per  foot  per  second  and  mov'cs  a  distance  of  Q  feet  pei 
radian  of  elevator  delleclion,  is  inserted  in  the  control 
system. 


r 


The  total  value  of  C,,,,  is  the  sum  of  eiiuations  (At)  and 
(A2). 

Derivatives  (’i,^  and  C,j.  -The  diuivatives  and  6/,j 
can  lio  calculated  by  Ihin-wing-section  theory  but  the 
results  are  of  iloubtful  accuracy  because  of  three-dimensional 
and  boundary-layer  elfccts.  It  is  therefore  liest  to  obtain 
thesi'  derivatives  from  wind-tunnel  tests. 


APPENDIX  B 

calculation  of  normal  acceleration  due  to  oscillating  elevator 

‘  . . .  . . . 


Dia—O) 

I 


(BI) 


wiuMV  r,  is  tli(‘  imjruliu-  fmiiiciicy  of  (ho  olovator. 

nia.xiniuin  ainplitudo  ol-  (l.o  stoa,?v\>sodhUi,,',y*''Th  '''’niplox  mmil.or  ami  (ho  modulus  of  this  iiumhor  is  the 

inou.  ii„  ^„|„o  |„.  ,.„„vortod  to  physioal  units  l,y  tho  foiinula 

Normal  aooeleratioii  porr/  _  -tl,r  l)(a—o)  4 

Stick  friotioii  in  pounds  ~ pS^,c('i 


wlioro  IS  the  value  of  elevator  dampinir  requirodjor  tho  condition  of 
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Page  2,  column  1,  sixth  line  from  bottom: 
hand  side  of  the  equation  should  be  xg. 


The  missing  term  on  the  left 


'  ^ 


>.'■  -  "r 

Force 

'  7  ■  '*., 'v’‘  '  ..-••■’" 

V^‘ \\t:  ;; 

'  Angle 

7".'V.eloBitje»  '7; 

\  :-i‘  V  .  ■  .. 

'  ;■'  -t-  •■  ,  ■  .,' .  '•',  L^.  • 

xt  >  V, 

p;MtraUel 

taaxu) 

symbol 

"*..■,  7 :  ■  ■■*. . 

;'•■■  ,t.7- 

■*  ‘■V.  ‘ 

Desi|^tioji 

uM 

■  -'1-. 

d6ec^&  ^ 

JJeaigiab.; 

-tion 

Sym¬ 

bol' 

rtBompo-' 

nentnloog 

Angulo 

>%.,  '  :  % 

^8 

'TS:i>,  i 

...  .  . .  -,  ;^-.. 

',  ••■  '  4^.'  -  .  '  •  ' 

/,  ' ,'"  ( '.'  ■  /  ■  .  ‘  '■■ 

'  '  l^  ‘.-'<y:  ■  ■  '  ■■  ■■ , 

■’"■■'  'W<-  •  ;  ' 


_ _ _  *• 


.•v  •: 


M  Diameter  /  >  .  s  . 

p  Oeometric  pitch  '  '  v 

p/O  Pitch  ratb  ■  _„.  ‘  \ ' 

F'  IMW  vdfocity -7- ' ;  V  ^  ^..vTir 

Fr- '  -  Slipstream  yieladtT  ,<  ..“  V^i  .  "r 

<'  T  ■  Threat  '^K^ri  “' V^:"'  ';■■  -  ..-^^idicy 

■  '■  :■  : 'KjToiui  jK^  ^^^  -r  ■:; 


■  -v  ’ 

_ _  .-.rf  -*>  ;  j!ffTOtire  hMw  V  :  S£SJ?&"  .  - 

pn^Df 

'  "  "  '  ,  '  "  >;;m  ,  .  ..'•  '  S> -IIUMERICAL  BEI.ATrONS 

1  hp=76.04  kgVs=«^S0  ft-lb/seo  ..  <  '  ■  '  1  t,  V  n'.. 

i  metric  horsepowers 0:9863  hn  "•,  '  ~  -  ■  ;  ,  .  0-4536/kg  .  --.6-'»  ‘j- v!' : % 


‘  V.  "  '  >< 


.i 


1  kg=2.2046  lb 


1  mph= 0.4470  mps  ” 

.  .  '  '  V“n*=l,8p9.36  ms5i280  ft  i  'S  Vi j 


1  mp3=2.2369  mph 


Lni=3r28P87t 

.,  s- 


.  '•  -  ^  'f  >  -  '  I  ■  . 

'  •  -.  ‘  '  ,  •*'7'  -t- •-  ■  ' 

-.r  .  7 .  -  ■  y  .'  <■  :■''  1.  - 


